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ALGEBRAS OF FINITE REPRESENTATION TYPE ARISING FROM
MAXIMAL RIGID OBJECTS
ASLAK BAKKE BUAN, YANN PALU, AND IDUN REITEN
Abstract. We give a complete classification of all algebras appearing as endomor-
phism algebras of maximal rigid objects in standard 2-Calabi-Yau categories of finite
type. Such categories are equivalent to certain orbit categories of derived categories
of Dynkin algebras. It turns out that with one exception, all the algebras that
occur are 2-Calabi-Yau-tilted, and therefore appear in an earlier classification by
Bertani-Økland and Oppermann. We explain this phenomenon by investigating the
subcategories generated by rigid objects in standard 2-Calabi-Yau categories of finite
type.
Introduction
Motivated by trying to categorify the essential ingredients in the definition of clus-
ter algebras by Fomin and Zelevinsky, the authors of [BMRRT] introduced the cluster
category CQ associated with a finite acyclic quiver Q. The notion was later general-
ized by Amiot [A], dealing with quivers which are not necessarily acyclic. Let K be
an algebraically closed field of characteristic zero. Cluster categories are special cases
of Hom-finite, triangulated 2-Calabi-Yau K-categories (2-CY categories). In such cat-
egories, the cluster tilting objects, or more generally, maximal rigid objects, play a
special role for the categorification of cluster algebras. For cluster categories in the
acyclic case these two classes coincide, but in general maximal rigid objects in 2-CY
categories are not necessarily cluster tilting.
The cluster-tilted algebras are the finite dimensional algebras obtained as endomor-
phism algebras of cluster tilting objects in cluster categories. These, and the more
general class of 2-Calabi-Yau-tilted algebras, are of independent interest, and have
been studied by many authors, see [K2, R, R2]. As a natural generalization, one also
considers the endomorphism algebras of maximal rigid objects in 2-CY categories, here
called 2-endorigid algebras.
When Γ = EndC(T ) is a 2-Calabi-Yau-tilted algebra, it is not known if the category C
is determined by Γ, but this is known to be true in the case of acyclic cluster categories
[KR2]. However, if we consider 2-endorigid algebras, then one frequently obtains the
same algebras starting with different 2-CY categories. In this paper we investigate this
phenomenon. We restrict to the case where the 2-CY categories in question only have
a finite number of isomorphism classes of indecomposable objects. Also in this case,
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it is known that the 2-endorigid algebras are of finite representation type [IY]. In [A]
and [XZ], the structure of triangulated categories with finitely many indecomposables
was studied. Such categories have Serre functors, and hence there is an associated AR-
quiver. Here orbit categories of the form Db(modKQ)/ϕ play a special role, where Q is
a Dynkin quiver, and Db(modKQ) is the bounded derived category of the path algebra
KQ. These are exactly the standard categories, i.e. those which can be identified with
the mesh category of their AR-quiver, which are 2-CY and have only a finite number of
indecomposable objects. In [BIKR], such orbit categories with the 2-CY property were
classified. And as an application of that classification, the 2-CY-tilted algebras of finite
representation type, coming from orbit categories, were classified in [BO] (one case was
missed, as was noticed in [L], see Section 2.1 for details.) These classifications are crucial
for our investigations. Our main result is a complete classification of the 2-endorigid
algebras associated to standard 2-CY categories of finite type. In fact, we show that all
such algebras, with one single exception, already appear in the classification of [BO].
In order to prove this we show that the following holds in almost all cases: If we fix
a 2-CY (orbit) category C of finite type, then there is an associated 2-CY category C′
with cluster tilting objects, such that the full additive subcategories generated by the
rigid objects in C and C′ are equivalent.
It is known that in the case of standard 2-CY categories, the 2-CY-tilted algebras
of finite representation type are Jacobian [BO] (when the algebraically closed field K
is of characteristic zero): There is a potential (i.e. a sum of cycles), such that the
algebra is the Jacobian of its Gabriel quiver with respect to this potential. Moreover,
all Jacobians are 2-CY-tilted, by the work of Amiot [A]. However, as indicated, we
point out that there is a 2-endorigid algebra which is not 2-CY-tilted, and therefore
also not Jacobian.
In section 1, we give some background material on maximal rigid and cluster tilting
objects. In section 2 we give our version of the classification of 2-CY orbit categories,
and in particular we describe the rigid objects in these categories. Then, in section 3,
we define functors identifying the subcategories of rigids in the relevant cases. In section
4, we give the example of a 2-endorigid algebra of finite type which is not 2-CY-tilted.
Notation. Unless stated otherwise, K will be an algebraically closed field of charac-
teristic zero. We write Σ for the shift functor in any orbit category, and [1] for the shift
in any derived category. We will use the following notation:
An,t = D
b
(
KA(2t+1)(n+1)−3
)
/τ t(n+1)−1[1]
Dn,t = D
b
(
KD2t(n+1)
)
/τn+1ϕn,
where ϕ is induced by an automorphism of order 2 of D2t(n+1). The orbit categories
that we consider are triangulated, by a theorem of Keller, see [K].
1. Background
In this section, we give some background material on cluster tilting and maximal
rigid objects in Hom-finite triangulated 2-Calabi-Yau categories over an algebraically
closed field K.
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Let d be a non-negative integer. A Hom-finite, triangulated K-category C is called
d-Calabi-Yau or d-CY for short, if we have a natural isomorphism
DHom(X,Y ) ≃ Hom(Y,X[d])
for objects X,Y in C, where D = HomK( ,K) is the ordinary K-duality.
A main example here is the cluster category CQ associated with a finite (connected)
acyclic quiver Q [BMRRT]. Here CQ is the orbit category D
b(modKQ)/τ−1[1], where
τ is the AR-translation on the bounded derived category Db(modKQ). The cluster
categories have been shown to be triangulated [K]. Another main example is the stable
category modΛ, where Λ is a preprojective algebra of Dynkin type, investigated in
[GLS].
An object M in a triangulated category is called rigid if Ext1(M,M) = 0, and
maximal rigid if it is maximal with respect to this property. Let addM denote the
additive closure of M . If also Ext1(M,X) = 0 implies X ∈ addM , then M is said to
be cluster tilting. For the cluster categories CQ and the stable module categories modΛ,
the maximal rigid objects are also cluster tilting [BMRRT, GLS], but this is not the
case in general.
An object T is called an almost complete cluster tilting object in CQ, if there is an
indecomposable object X, not in addT , such that T ∐X is a cluster tilting object. It
was shown in [BMRRT] that if T is an almost complete cluster tilting object in CQ,
then there is a unique indecomposable object Y 6≃ X, such that T ∗ = T ∐Y is a cluster
tilting object.
There is an interesting property for cluster tilting objects which does not hold for
maximal rigid objects. For T a cluster tilting object in a 2-CY category C, there is an
equivalence of categories C/ add T → modEnd(T ), by [BMR, KR].
For a connected 2-Calabi-Yau category, then either all maximal rigid objects are
cluster tilting, or none of them are [ZZ]. And if for a maximal rigid object M there are
no loops or 2-cycles in the quiver of End(M), then M is cluster tilting [BIRS, XO].
The main sources of examples for having maximal rigid objects which are not cluster
tilting are 1-dimensional hypersurface singularities [BIKR] and cluster tubes [BKL,
BMV, V, Y].
The 2-Calabi-Yau-tilted algebras Γ satisfy some nice homological properties: They
are Gorenstein of dimension ≤ 1, and SubΓ is a Frobenius category whose stable
category SubΓ is 3-Calabi-Yau [KR]. Here SubΓ denotes the full additive subcate-
gory of modΓ generated by the submodules of objects in addΓ, and SubΓ denotes
the corresponding stable category, that is: the category with the same objects, but
with Hom-spaces given as the Hom-spaces in modΓ modulo maps factoring through
projective objects. By [ZZ], also the 2-endorigid algebras are Gorenstein of dimension
≤ 1.
2. Rigid objects in triangulated orbit categories of finite type
2.1. The classification. In [A], Amiot classified all standard triangulated categories
with finitely many indecomposable objects. By using geometric descriptions in type A
4 BUAN, PALU, AND REITEN
[CCS] and in type D [S], and direct computations in type E, Burban–Iyama–Keller–
Reiten extracted from Amiot’s list all 2-Calabi–Yau triangulated categories with cluster
tilting objects, and with non-zero maximal rigid objects (see the appendix of [BIKR]).
In this section, we give a restatement of the results in the appendix of [BIKR]. We
note two changes from their lists:
(L1) The orbit category Db(KE8) /τ
4 has cluster tilting objects (this case was first
noticed by Ladkani in [L]);
(L2) The orbit category Db(KD4) /τ
2ϕ, where ϕ is induced by an automorphism of
D4 of order 2, has non-zero maximal rigid objects which are not cluster tilting.
Proposition 2.1 (Amiot ; Burban–Iyama–Keller–Reiten). The standard, 2-Calabi–
Yau, triangulated categories with finitely many indecomposable objects and with cluster
tilting objects are exactly the cluster categories of Dynkin types A, D or E and the orbit
categories:
- (Type A) Db(KA3n) /τ
n[1], where n ≥ 1;
- (Type D) Db(KDkn) /(τϕ)
n, where n ≥ 1, k > 1, kn ≥ 4 and ϕ is induced by
an automorphism of Dkn of order 2;
- (Type E) Db(KE8) /τ
4 and Db(KE8) /τ
8.
Proof. These categories are described in a table of the appendix of [BIKR], and our
description is based on that. We explain why and how our description in case of types
A and D4 differ from that of [BIKR].
Apart from the cluster category, the orbit categories of Db(KAm) appearing in the
table of [BIKR] are given by the automorphisms:
(τ
m
2 [1])
m+3
3 , if 3 divides m and m is even;
τ
m+3
6
+m+1
2 [1], if 3 divides m and m is odd.
We simplify this description by using the fact that in the triangulated category
Db(KAm), we have
(1) τ−(m+1) = [2]
Note that this is sometimes referred to as a fractional Calabi–Yau property.
Let m = 3n. Assume first that n is even. We then have:
(τ
m
2 [1])
m+3
3 = (τ3
n
2 [1])n+1 = (τ3n+1)
n
2 τn[n+ 1] = (τ3n+1)
n
2 τn[2]
n
2 [1]
= (τ3n+1[2])
n
2 (τn[1]) = τn[1]
where the last equality follows from (1).
Assume now that n is odd. Then, we have
τ
m+3
6
+m+1
2 [1] = τ2n+1[1] = (τn[1])−1
where (1) is used for the last equation.
In both cases, the orbit category is Db(KA3n) /τ
n[1].
The orbit categories of Db(KD4) appearing in the table of [BIKR] are given by the
automorphisms: τkσ, where k divides 4, where σ is induced by an automorphism of D4
satisfying σ
4
k = 1 and where (k, σ) 6= (1, 1). We thus have:
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if k = 1, then σ is of order 2;
if k = 2, then σ is either the identity or of order 2;
if k = 4, then σ is the identity and the orbit category is the cluster category of
type D4.
We claim that if k = 2 and σ is of order 2, then the corresponding orbit category has
non-zero maximal rigid objects, but does not have cluster tilting objects. Let thus σ
be of order 2. By computing the Hom-hammocks in the Auslander–Reiten quiver:
d
  ❆
❆❆
❆ Σd
  ❆
❆❆
❆❆
d
a //
@@✁✁✁✁✁
❁
❁❁
❁❁
c // Σa //
<<②②②②
!!❉
❉❉
❉❉
Σb // a //
@@     
❂
❂❂
❂❂
b
b
>>⑦⑦⑦⑦⑦
Σc
>>⑦⑦⑦⑦
c,
one finds that d and Σd are the only non-zero rigid objects and that there are no non-
zero morphisms from d to b or c. This shows that d, and therefore also Σd, are maximal
rigid objects which are not cluster tilting. This explains (L2). 
Proposition 2.2 (Amiot ; Burban–Iyama–Keller–Reiten). The standard, 2-Calabi–
Yau, triangulated categories with finitely many indecomposable objects and with non-
zero maximal rigid objects which are not cluster tilting are exactly the orbit categories:
- (Type A) Db
(
KA(2t+1)(n+1)−3
)
/τ t(n+1)−1[1], where n ≥ 1 and t > 1;
- (Type D) Db
(
KD2t(n+1)
)
/τn+1ϕn, where n, t ≥ 1, and where ϕ is induced by
an automorphism of D2t(n+1) of order 2 ;
- (Type E) Db(KE7) /τ
2 and Db(KE7) /τ
5.
Proof. Type A deserves a few comments. The tables in the appendix of [BIKR] list all
orbit categories of Db(KAm) with non-zero maximal rigid objects which are not cluster
tilting. They are given by the following automorphisms:
I. (τ
m
2 [1])k, where m is even; k divides m+ 3; k 6= 1; k 6= m+ 3 and if 3 divides
m, then k 6= m+33 ;
II. τk+
m+1
2 [1], wherem is odd; k divides m+32 ;
m+3
2k is odd; k 6=
m+3
2 and if 3 divides
m, then k 6= m+36
As in the proof of Proposition 2.1, we use the property given by equation (1), in order
to give a uniform description of all the cases above. Note first that if k = m+33 or
if k = m+36 , then 3 divides m. Therefore, the condition “if 3 divides m” above is
redundant.
Assume first we are in case I above, so m is even and we can write m + 3 = uk,
where u and k are greater than 1 and u 6= 3. We then have:
(τ
m
2 [1])k = (τ
uk−3
2 [1])k = τk
uk−3
2 [1][k − 1] = τk
uk−3
2 [1][2]
k−1
2
= τk
uk−3
2 [1](τ−uk+2)
k−1
2 = τ
u−1
2
k−1[1]
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Replacing u by 2t+ 1 and k by n+ 1 gives
m = uk − 3 = (2t+ 1)(n + 1)− 3 and
u− 1
2
k − 1 = t(n+ 1)− 1
Hence, we obtain the orbit categories Db
(
KA(2t+1)(n+1)−3
)
/τ t(n+1)−1[1] (where t > 1
and n ≥ 1).
Assume now we are in case II, so that m is odd and we can write m+3 = 2uk, where
u is odd and greater than 3. We then have:
τk+
m+1
2 [1] = τk+uk−1[1] = τ
u+1
2
2k−1[1] = (τ
u−1
2
2k−1[1])−1
where the last equation follows from equation (1).
Replacing u by 2t+ 1, and 2k by n+ 1 gives
m = 2uk − 3 = (2t+ 1)(n + 1)− 3 and
u− 1
2
2k − 1 = t(n+ 1)− 1
and also in this case we obtain the orbit categories Db
(
KA(2t+1)(n+1)−3
)
/τ t(n+1)−1[1]
(where t > 1, n ≥ 1). 
Remark 2.3. For a given value of n, the orbit categories
Db
(
KA(2t+1)(n+1)−3
)
/τ t(n+1)−1[1]
share some similarities, and are compared in section 3. Note that when t = 1 , we have
Db
(
KA(2t+1)(n+1)−3
)
/τ t(n+1)−1[1] = Db(KA3n) /τ
n[1].
Hence, by Proposition 2.1 this orbit category has cluster tilting objects. On the other
hand, if t > 1 it has non-zero maximal rigid objects which are not cluster tilting. This
family can be expanded by including the cluster tubes, thought of as a limit obtained
when t goes to infinity. This point of view will be corroborated in sections 3 and 4,
where the endomorphism algebras of the maximal rigid objects in these categories are
shown to be independent of the specific value of t.
2.2. The rigid objects. We will now describe indecomposable rigid objects in the
orbit categories listed in subsection 2.1, and then consider the additive subcategories
generated by the set of rigid objects.
2.2.1. Type A. In order to compute the rigid objects in the orbit categories An,t =
Db
(
KA(2t+1)(n+1)−3
)
/τ t(n+1)−1[1], we use the geometric description [CCS] of the clus-
ter category of type A. The following lemma was implicitly used in the appendix of
[BIKR].
Lemma 2.4. (1) There is a bijection between isomorphism classes of basic objects
in An,t and collections of arcs of the (2t+1)(n+1)-gon which are stable under
rotation by 2pi2t+1 . Such a bijection is given in figure 1 for t = 2, n = 3 and is
sketched in figure 2 for the general case.
(2) Under the bijection above, rigid objects correspond to non-crossing collections
of arcs. In particular:
(a) The isomorphism classes of indecomposable rigid objects in An,t are
parametrised by the arcs [i (i+ 2)], . . . , [i (i+ n+ 1)] for i = 1, . . . , n+ 1.
ALGEBRAS FROM MAXIMAL RIGID OBJECTS 7
1 3
1 4
1 5
1 6
1 7
1 8
1 9
1 10
1 11
1 12
2 4
2 5
2 6
2 7
2 8
2 9
2 10
2 11
2 12
3 5
3 6
3 7
3 8
3 9
3 10
3 11
3 12
4 6
4 7
4 8
4 9
4 10
4 11
4 12
1 3
1 4
1 5
1 6
1 7
1 8
1 9
1 10
1 11
1 12
2 4
2 5
2 6
2 7
2 8
2 9
2 10
2 11
2 12
3 5
3 6
3 7
3 8
3 9
3 10
3 11
3 12
4 6
4 7
4 8
4 9
4 10
4 11
4 12
1 3
1 4
1 5
1 6
1 7
1 8
1 9
1 10
1 11
1 12
2 4
2 5
2 6
2 7
2 8
2 9
2 10
2 11
2 12
3 5
3 6
3 7
3 8
3 9
3 10
3 11
3 12
4 6
4 7
4 8
4 9
4 10
4 11
4 12
1 3
1 4
1 5
1 6
1 7
1 8
1 9
1 10
1 11
1 12
2 4
2 5
2 6
2 7
2 8
2 9
2 10
2 11
2 12
3 5
3 6
3 7
3 8
3 9
3 10
3 11
3 12
4 6
4 7
4 8
4 9
4 10
4 11
4 12
· · ·
· · ·
· · ·
· · ·
Figure 1. A bijection between 2pi5 -periodic collections of arcs of the
heptakaidecagon and isomorphism classes of basic objects in A3,2. The
maximal rigid object of Corollary 2.7 is highlighted in grey.
(b) The maximal non-crossing collections correspond to (isoclasses of) basic
maximal rigid objects and such an object is cluster tilting if and only if the
collection of arcs is a triangulation (if and only if t = 1).
Proof. Let n, t ≥ 1, let N = (2t+1)(n+1), let An,t be the triangulated orbit category
Db(KAN−3) /τ
t(n+1)−1[1] and let CAN−3 be the cluster category of type AN−3. Using
that An,t is 2-CY, the universal property of orbit categories yields a functor CAN−3
F
−→
An,t. Note that this covering functor commutes with shift functors since these latter
are induced by the shift in the orbit category Db(KAN−3).
In the cluster category CAN−3 , we have τ
t(n+1)−1[1] = τ t(n+1). Moreover, in the
derived category Db(KAN−3), we have τ
N−2 = [−2]. Therefore, τ is of order N in
CAN−3 , and τ
n+1 is of order 2t + 1. Since gcd(t, 2t + 1) = 1, then τ t(n+1) is also of
order 2t + 1 and generates the same group as τn+1. The functor F is thus a (2t +
1)-covering functor, with F (τn+1X) isomorphic to FX for any object X. Since F
commutes with shifts, we have, for any two objects X,Y in An,t: Ext
1
An,t
(X,Y ) =
HomAn,t(X,ΣY ) ≃
⊕
FY ′≃Y HomCAN−3 (X,ΣY
′) =
⊕
FY ′≃Y Ext
1
CAN−3
(X,Y ′). We can
thus use the description of the cluster category CAN−3 in terms of diagonals of the N -
gon [CCS] in order to compute the rigid indecomposable objects in An,t: Isomorphism
classes of indecomposable objects in An,t are in bijection with collections of 2t + 1
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1 3
1 4
1 5
· · ·
· · ·
1 3
1 4
1 5
1 n+2
1 u
1 3
1 4
1 5
· · ·
· · ·
1 3
1 4
1 5
1 n+2
n+1 n+3
n+1 n+4
n+1 n+5
Figure 2. A fundamental domain for An,t inside the derived category
is encircled by a dotted blue line. Below the bottom (and above the top)
dotted red line lie all rigid indecomposable objects. The Hom-hammock
of (1n+ 2) is emphasized by a dotted rectangle. The green arrow gives
rise to a loop in the quiver QRC . Here u equals (t+ 1)(n + 1).
diagonals of the N -gon which are stable under the automorphism sending a diagonal
[i j] to [(i + n + 1) (j + n + 1)]. Moreover, such a collection corresponds to a rigid
indecomposable object in An,t if and only if none of its diagonals cross. This shows
that isomorphism classes of indecomposable rigid objects in An,t are parametrised by
the arcs [i (i+ 2)], . . . , [i (i+ n+ 1)] for i = 1, . . . , n+ 1.
Consider a maximal collection A of non-crossing arcs, stable under rotation by 2pi2t+1 ,
that is not a triangulation. Then there exists an arc γ which does not cross any arc
in the collection (such an arc will correspond to a non-rigid indecomposable object).
Necessarily, none of the rotations of γ by multiples of 2pi2t+1 cross any arc in the collection.
This implies that the maximal rigid object corresponding to A is not cluster tilting. 
Remark 2.5. For an example of an arc corresponding to an indecomposable object
which is not rigid, see figure 4.
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Figure 3. A collection of arcs of the icosikaipentagon corresponding to
a maximal rigid object in A4,2.
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Figure 4. A collection of arcs of the icosikaipentagon corresponding to
a non-rigid indecomposable object of A4,2.
Let RAn,t be the full additive subcategory of An,t generated by the rigid objects. We
will show in section 3 that this category (up to equivalence) only depends on n. Here
we provide a first step towards that result. Recall that for an additive Hom-finite Krull-
Schmidt category U , the quiver QU of U has vertices corresponding to the isomorphism
classes of indecomposable objects, and there are dim Irr(X,Y ) arrows from the vertex
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13
14
15
24
25
1(n+ 1)
1(n+ 2)
2(n+ 1)
2(n+ 2)
2(n+ 3)
(n+ 1)(n + 3)
(n+ 1)(n + 4)
(n+ 1)(2n + 1)
(n+ 1)(2n + 2)
13
14
1n
1(n+ 1)
1(n+ 2)
n(n+ 3)
n(n+ 4)
n(n+ 2)
n(2n+ 1)
(n+ 1)(n + 5)
Figure 5. The quiver Qn
corresponding to X to the vertex corresponding to Y , where Irr(X,Y ) is the space of
irreducible maps from X to Y .
Proposition 2.6. The quiver QRAn,tis isomorphic to the quiver Qn depicted in figure 5.
Proof. Consider the Auslander-Reiten quiver of An,t depicted in figure 2. Clearly,
the irreducible maps in An,t with source and target in RAn,t , are also irreducible in
RAn,t . It is also straightforward to verify, by computations in the derived category
Db(KA(2t+1)(n+1)−3), that the map from (1 n + 2) to (1 n + 2) (and all shifts of this)
is irreducible in RAn,t , and that there are no further irreducible maps in RAn,t . Hence
the quiver QRAn,t is isomorphic to the quiver Qn depicted in figure 5. 
As a special case of the computations necessary for the proof of Proposition 2.6 we
also obtain the following. Note that the cluster tilting case t = 1 of this fact can also
be found in [BO].
Corollary 2.7. Let n, t ∈ N and let T be the maximal rigid object of the orbit category
Db
(
KA(2t+1)(n+1)−3
)
/τ t(n+1)−1[1] corresponding to the collection of arcs generated by
[1 3], [1 4], . . . , [1 n+2] (see Lemma 2.4). Then the endomorphism algebra of T is given
by the quiver
1 // 2 // 3 n− 1 // n αee ,
with ideal of relations generated by α2.
Remark 2.8. See figure 3 for the collection of arcs corresponding to the maximal rigid
object in Corollary 2.7.
2.2.2. Type D. Let n, t ≥ 1 and let Pn,t be a once-punctured 2t(n+1)-gon. We denote
by ρ the automorphism on the tagged arcs (see [S, FST]) obtained by rotating by pit
and switching tags, as in figure 7.
Recall that Dn,t is the orbit category D
b
(
KD2t(n+1)
)
/τn+1ϕn.
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n+1 n+5
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6 8 7 9
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n+1 n+3 1 3 2 4 3 5 4 6
n+1 n+4 1 4 2 5 3 6
n n+4 n+1 n+5 1 5 2 6 3 7
n n+5 n+1 n+6 1 6 2 7
n 2n n+1 2n+1 1 n+1 2 n+2 3 n+3 4 n+4 5 n+5
n 2n+1 n+1 2n+2 1 n+2 2 n+3 3 n+4 4 n+5
n-1 2n+1 n 2n+2 n+1 2n+3 1 n+3 2 n+4 3 n+5 4 n+6
n-1 2n+2 n 2n+3 n+1 2n+4 1 n+4 2 n+5 3 n+6
n-1 2n-1 n 2n n+1 2n+1 1 n+1 2 n+2
n-1 2n n 2n+1 n+1 2n+2 1 n+2
n-2 2n n-1 2n+1 n 2n+2 n+1 2n+3 1 n+3
n-2 2n+1 n-1 2n+2 n 2n+3 n+1 2n+4
1 u-2
1 u-1
1 u
1 u+1
1 u+2
2 u-1
2 u
2 u+1
3 u
· · ·
· · ·
· · ·
· · ·
Figure 6. The Auslander-Reiten quiver of Dn,t. The objects in RDn,t are in the area inside the dashed
blue lines. Here u = 2t(n + 1).
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Figure 7. Action of τ on a tagged arc (left) and a non-rigid indecom-
posable object of D3,3 (right).
Lemma 2.9. (1) There is a bijection between isomorphism classes of basic objects
in Dn,t and collections of arcs of Pn,t which are stable under ρ. Such a bijection
is illustrated in figure 6.
(2) Under the above bijection, rigid objects correspond to non-crossing collections
of arcs. In particular:
(a) The isomorphism classes of indecomposable rigid objects in Dn,t are
parametrised by the arcs [i (i+ 2)], . . . , [i (i+ n+ 1)] for i = 1, . . . , n+ 1.
(b) The maximal non-crossing collections which are stable under ρ correspond
to (isoclasses of) basic maximal rigid objects.
Proof. The proof is similar to that of Lemma 2.4. There is a 2t-covering func-
tor from the cluster category CD2t(n+1) to the triangulated orbit category Dt,n =
Db
(
KD2t(n+1)
)
/τn+1ϕn. We note that ϕ acts on arcs by switching tags and that τ
acts on arcs [i 0] with an endpoint at the puncture 0 by sending it to [i+ 1 0] and by
switching tags. Therefore an arc with an endpoint at the puncture corresponds to a
non-rigid indecomposable object in Dn,t and the rest of the proof is similar to that in
type A above. 
Consider now the full additive subcategory RDn,t , generated by the rigid objects in
Dn,t. We will show, in Section 3, that RDn,t is equivalent to RAn,t . For this, we will
need the following.
Proposition 2.10. The quiver QRDn,t is isomorphic to the quiver Qn depicted in
figure 5.
Proof. Consider the Auslander-Reiten quiver of Dn,t depicted in figure 6. Clearly,
the irreducible maps in An,t with source and target in RDn,t , are also irreducible
in RDn,t . To proceed, we will need some basic facts about Hom-hammocks in the
derived category Db(KDN ), for N even. First note that, in the derived category
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Db(KDN ), we have τ
−N+1 = [1]. Thus τ−N+2 = τ [1] is a Serre functor in Db(KDN ):
For any X,Y ∈ Db(KDN ), there are bi-natural isomorphisms HomDb(KDN )(X,Y ) ≃
DHomDb(KDN )(Y, τ
−N+2X). In particular, the Hom-hammock of any object X ends
in τ−N+2X and is symmetric with respect to the vertical line (the blue line in figure 8)
going through τ−
N
2
+1X. Without any computations, we thus obtain that the Hom-
hammocks have the shape given in figure 8, where a part of the Hom-hammock of the
indecomposable object denoted by j is described. The left-hand side of the figure is eas-
ily computed, since all meshes involved are commutative squares. The rectangle on the
left-hand side indicates some indecomposable objects X such that dimHom(j,X) = 1.
Outside this rectangle, to its left and to its right, the zeros indicate that all morphisms
from j to some of the indecomposable objects in these regions are zero morphisms. The
star indicates a part of the Hom-hammock that we do not compute. The right-hand
side of the figure is deduced from the left-hand side by symmetry. We have indicated
some specific indecomposable objects in the figure. They are related by the follow-
ing equalities: u = τ−j+1(1), x = τ−j+1(N − j − 1), a = τ−1(x) = τ−j(N − j − 1),
b = τ−N+2(1), c = τ−N+2(j) and y = τ−N+n+1(n).
Using these Hom-hammocks, it is easy to verify that there is a non-zero map from n
to y, which becomes an irreducible endomorphism in the category RDn,t. For this, note
that there is a one-dimensional subspace of morphisms from n to y =
(
τn+1
)1−2t
(n)
(factoring through N − 1) which do not factor through any indecomposable object in
the τ -orbit of 1, . . . , n− 1. The same will obviously hold for the shifts of this map.
We claim that there are no other irreducible maps in RDn,t . This can be checked,
using the Hom-hammocks of figure 5. We leave the details to the reader, but point out
the following useful fact.
Note that the only indecomposable objects in the rectangles of figure 8 that be-
long to the τn+1 orbit of 1, 2, . . . , n are 1, 2, . . . , n and y. We claim that any mor-
phism from some j, with 1 ≤ j ≤ n, to y factors through n. This holds since
dimHomDb(KDN )(j, y) = 1 and the composition 1 → 2 → · · · → n → y is non-zero
(as can be seen from the case j = 1 in figure 8).
Hence the quiver QRDn,t is isomorphic to the quiver Qn depicted in figure 5. 
As for type A, we obtain the following as a special case of the computations necessary
for the proof of proposition 2.10.
Corollary 2.11. Let n, t ∈ N and let T be the maximal rigid object of the orbit
category Db
(
KD2t(n+1)
)
/τn+1ϕn corresponding to the collection of arcs generated by
[1 3], [1 4], . . . , [1 n] (see Lemma 2.9). Then the endomorphism algebra of T is given by
the quiver
1 // 2 // 3 n− 1 // n αee ,
with ideal of relations generated by α2.
Proof. The computation of the Gabriel quiver is essentially included in the proof of
Proposition 2.10. It is easy to verify that the only relation is α2. 
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Figure 8. Hom-hammocks in the derived category Db(KDN ), N even.
Let Λn denote the algebra appearing in Corollaries 2.7 and 2.11. We will need some
properties of the module category modΛn. Recall that a module M is called τ -rigid
if Hom(M, τM) = 0, see [AIR]. Now let Rn denote the full additive subcategory gen-
erated by the indecomposable τ -rigid modules in modΛn. It follows from Proposition
2.1, with t = 1, that in particular Λn is a 2-CY-tilted algebra, and so by [AIR], a
module is τ -rigid if and only if it is of the form HomC(T,X), where X is a rigid object
in C = Db(KA3n) /τ
n[1].
It is easy to check that the quiver QRn can be obtained by deleting the vertices
labeled by (n+ 1)(n + 3), . . . , (n + 1)(2n + 2) in the quiver Qn of figure 5.
2.2.3. Type E. In this section we investigate the rigid (and maximal rigid) objects in the
orbit categories Db(KE7) /τ
2 and Db(KE7) /τ
5, appearing in Proposition 2.2. There
is also a geometric machinery available in type E, see [La]. However, our description
instead relies on simple brute force computations, and we leave out almost all details.
For type Db(KE7) /τ
5, the Auslander-Reiten quiver is given in Figure 9. There are
5 indecomposable rigid objects, all in the bottom τ -orbit in the figure. Let x be any
of these five. Then x⊕ τ2x is maximal rigid, and all maximal rigids are obtained this
way. In particular, they all have the same endomorphism ring.
Proposition 2.12. The endomorphism algebra of any maximal rigid object in the orbit
category Db(KE7) /τ
5 is isomorphic to the path algebra of the quiver:
•α 99
β
// • γee ,
with ideal of relations generated by βα− γβ, α2, γ2.
Remark 2.13. This latter 2-endorigid algebra is shown not to be 2-CY-tilted in sec-
tion 4.1.
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Figure 9. The orbit category Db(KE7) /τ
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Figure 10. The orbit category Db(KE7) /τ
2.
Let us now consider Db(KE7) /τ
2. Its Auslander-Reiten quiver is given in figure 10.
There are only two indecomposable rigid objects, both in the top τ -orbit in the figure.
Now the full subcategory RDb(KE7)/τ2 generated by the rigids only contains two inde-
composable objects with no maps between them. In particular, we have the following.
Proposition 2.14. Any maximal rigid object in the orbit category Db(KE7) /τ
2 is
indecomposable and its endomorphism algebra is given by a loop α with relation α3.
We can compare this to the case Db(KD4) /τϕ, which appears in Proposition 2.1.
The AR-quiver of Db(KD4) /τϕ is given by
b
  ❆
❆❆
❆ c
  ❆
❆❆
❆❆
b
a //
@@✁✁✁✁✁
❂
❂❂
❂ c
// Σa //
<<②②②②②
""❊
❊❊
❊❊
Σb // a //
@@✁✁✁✁✁
❂
❂❂
❂ c
d
>>⑥⑥⑥⑥⑥
d
>>⑥⑥⑥⑥⑥
d
and the only indecomposable rigid objects are b and c. So, we also have thatRDb(KD4)/τ2
contains exactly two indecomposable objects, with no maps between them. Moreover
it is easily verified that each of these indecomposables are maximal rigid, and that the
endomorphism rings are the same as in Proposition 2.14.
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2.3. Tables. In a first table, we summarize some known results on orbit categories with
cluster tilting objects, which can be found in [A, BIKR, BO]. A second table summa-
rizes results from [A, BIKR] and from the current section. For each orbit category, we
give the number of isomorphism classes of indecomposable objects, the number of sum-
mands of any basic maximal rigid object (or equivalently, the rank of the Grothendieck
group of its endomorphism algebra), the number of isomorphism classes of indecompos-
able rigid objects, and the quiver with relations of the endomorphism algebra of some
maximal rigid object. Recall that ϕ denotes an automorphism of the derived category
of type D induced by an automorphism of order two of a Dynkin diagram of type D.
Remark 2.15. In the second row of Table 1, the following conventions are used:
• If n = 1, then a = 0 and b = 0;
• if k = 2, then there is no loop α, and in the relations, α should be replaced by
ab.
Remark 2.16. Let C be the orbit category appearing in the last row of the first table.
Because of the shape of the quiver in the last column, one might be tempted to think
that C should categorify a cluster algebra of type F4. However, C has 24 indecomposable
rigid objects only, while there are 28 almost positive roots in type F4.
Table 1: Orbit categories with cluster tilting objects, which are not acyclic cluster categories.
Orbit category Indecomposables Rank Indec. rigids Quiver Relations
Db(KA3n) /τ
n[1] 3n(n+1)2 n n(n+ 1) 1
// 2 // 3 n− 1 // n αee α
2
Db(KDkn) /τ
nϕn, kn ≥ 4, k > 1 kn2 n n(n+ 1) 1 // 2 // 3 n− 1
a // n
b
oo αee α
k−1 − ab, αa, bα
Db(KE8) /τ
4 32 2 8 1 // 2 αee α
3
Db(KE8) /τ
8 64 4 24 1 // 2
a // 3
b
gg
// 4 aba, bab
Table 2: Orbit categories with non-cluster tilting, maximal rigid objects.
Orbit category Indecomposables Rank Indec. rigids Quiver Relations
Db
(
KA(2t+1)(n+1)−3
)
/τk(n+1)−1[1] 1
2
[(2t+1)(n+1)−3](n+1) n n(n+ 1) 1 // 2 // 3 n− 1 // n αee α
2
t > 1
Db
(
KD2t(n+1)
)
/τn+1ϕn 2t(n + 1)2 n n(n+ 1) 1 // 2 // 3 n− 1 // n αee α
2
Db(KE7) /τ
2 14 1 2 1 αee α
3
Db(KE7) /τ
5 35 2 5 1α 99
β
// 2 γee βα− γβ, α
2, γ2
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3. Comparing subcategories generated by rigid objects
Our aim, in this section, is to compare the full subcategories of rigid objects of the
triangulated categories listed in Table 2. In order to do so, we will follow a strategy
we now describe: Let C and D be K-linear, Krull–Schmidt, Hom-finite, 2-Calabi–Yau,
triangulated categories. We assume that T ∈ C is a cluster tilting object and U ∈ D
a maximal rigid object. Let RC , resp. RD, be the full subcategory of C, resp. D,
generated by the rigid objects. Let QRC be a quiver whose vertices are the (isoclasses
of) indecomposable rigid objects of C, and whose arrows form a basis for the irreducible
morphisms in RC . Define QRD similarly. Finally, let Q
τ−rig
C
be the quiver similarly
given by the irreducible morphisms of the image of C(T,−)|RC in modEndC(T ). Define
Qτ−rig
D
similarly.
Assume that the following hold:
(a) The indecomposable rigid objects of C are all shifts of indecomposable sum-
mands of T ; and similarly for D.
(b) There is some isomorphism of quivers σ : QRC → QRD satisfying the following
properties:
(b1) The map σ commutes with shifts on objects and on irreducible morphisms;
(b2) It sends T to U ;
(b3) It induces an isomorphism between EndC(T ) and EndD(U).
(c) The finite dimensional algebra EndC(T ) is generalised standard, i.e. the mor-
phisms in the module category are given by linear combinations of paths in its
Auslander–Reiten quiver [Sk].
(d) The quiver Qτ−rig
C
is isomorphic to the full subquiver of QRC whose vertices are
not in addΣT ; and similarly for D.
Lemma 3.1. Under the assumptions listed above, any morphism in RC is a linear
combination of paths in QRC and σ induces an equivalence of categories RC →RD.
Proof. Assume that T = T1 ⊕ · · · ⊕ Tn is basic, and Ti is indecomposable for each i.
We prove the statement in three steps:
(1) Any morphism in RC (resp. RD) is a linear combination of paths in QRC (resp.
QRD).
(2) The morphism σ induces a well-defined functor RC → RD, which is faithful.
(3) The induced functor is dense and full.
(1) Let f be a morphism in RC . By assumption (a), we may assume that it is of
the form ΣaTi → Σ
bTj for some a, b ∈ Z, and i, j ∈ {1, . . . , n}. By assumption (c),
the morphism C(T,Σ−af) is a linear combination of paths in Qτ−rig
RC
. Let g ∈ RC be
the corresponding linear combination of paths in QRC . Such a morphism exists by
assumption (d). We then have C(T,Σ−af − g) = 0 so that Σ−af − g belongs to the
ideal (ΣT ). Since the domain of Σ−af lies in addT , and T is rigid, we have Σ−af = g
and f is a linear combination of paths in QRC .
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(2) Let f be a linear combination of paths in QRC . We claim that f = 0 in RC if
and only if σf = 0 in RD. Indeed:
f = 0 in RC ⇔ Σ
−af = 0 in RC
⇔ C(T,Σ−af) = 0 in modEndC(T )
⇔ D(σT, σΣ−af) = 0 in modEndD(U)
⇔ D(U,Σ−aσf) = 0 in modEndD(U)
⇔ Σ−aσf = 0 in RD
⇔ σf = 0 in RD.
The second equivalence uses the fact that the domain of Σ−af belongs to addT , the
fourth equivalence follows from assumptions (b1) and (b2). The third equivalence
follows from assumption (d) as follows: This assumption implies that σ induces an
isomorphism from Qτ−rig
RC
to Qτ−rig
RD
which commutes with the inclusions into QRC and
QRD .
(3) By construction, the functorRC →RD induced by σ is dense. For all i = 1, . . . , n,
let Ui be σTi. Let g be a morphism in RD. As above, we may assume that it is of
the form Ui → Σ
kUj , for some k ∈ Z and some i, j ∈ {1, . . . , n}. There is some f ∈
C(Ti,Σ
kTj) whose image in modEndC(T ) is associated with D(U, g) in modEndD(U).
We thus have D(U, g − σf) = 0, which implies σf = g. The functor induced by σ is
full. 
Proposition 3.2. For all t ≥ 1, there are equivalences of additive categories:
(1) RAn,t ≃ RAn,1 ;
(2) RDn,t ≃ RAn,1 ;
(3) RE7,2 ≃ RD4,τϕ;
Proof. For each case, we need to check the assumptions of Lemma 3.1. This is done in
Sections 2.2.1, 2.2.2 and 2.2.3, respectively. 
4. 2-endorigid algebras of finte type
4.1. A 2-endorigid algebra which is not 2-CY tilted. Consider the algebra Γ =
KQ/I, where Q is the quiver
1α 99
β
// 2 γee
and the relations are βα− γβ, α2, γ2.
The indecomposable projectives in modΓ are given by
P1 =

 11 2
2

 and P2 =
(
2
2
)
,
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while the indecomposable injectives are
I1 =
(
1
1
)
and I2 = P1.
We have a minimal injective coresolution of Γ = P1 ∐ P2 given by
0→ P1 ∐ P2 → I2 ∐ I2 → I1 → 0
and hence idΓ = 1, that is, Γ is Gorenstein of dimension 1. Then, see [KR], we have
that SubΓ is a Frobenius category with projective (=injective) objects addΓ, and SubΓ
is a triangulated category, with suspension functor isomorphic to Ω−1SubΓ.
We claim that Γ is not a 2-CY-tilted algebra. To see this, consider the simple S2
and the module X =
(
1
2
)
. The exact sequence
0→ S2 → P2 → S2 → 0
in SubΓ, shows that Ω−1(S2) ≃ S2 ≃ Ω
1(S2). Hence also Ω
−3(S2) ≃ S2. We then have
that Hom(S2,X) 6= 0, while clearly Hom(X,S2) = 0. Therefore SubΓ is not 3-Calabi-
Yau, and this implies that Γ is not a 2-CY-tilted algebra, by [KR]. The same argument
shows that Γ is not d-CY-tilted for d ≥ 2.
4.2. Standard 2-Calabi–Yau categories. Recall that our base field K is assumed to
be algebraically closed and of characteristic 0. In that setup, it is known from [BGRS]
that all finite-dimensional algebras of finite representation type are standard: Their
module categories are the path categories on their Auslander–Reiten quivers modulo
all mesh relations. In this section, we adress the following related question: Let C be
a triangulated category of finite type. If C is 2-CY with cluster tilting objects, is it
standard? We were not able to answer this question so far. However, we prove here
that C is generalised standard [Sk] in the following sense.
Definition 4.1. A K-linear, Krull–Schmidt, Hom-finite, triangulated category with a
Serre functor is called generalised standard if all of its morphisms are given by linear
combinations of paths in its Auslander–Reiten quiver.
Proposition 4.2. Let C be a K-linear, Krull–Schmidt, 2-Calabi–Yau, triangulated cat-
egory. Assume that T ∈ C is a cluster tilting object whose endomorphism algebra is
generalised standard. Then C is generalised standard.
Proof. Let Γ be the Auslander–Reiten quiver of C, and Γ be the one of EndC(T )
op.
By [BMR, Proposition 3.2] the AR-sequences in modEndC(T )
op are induced by the
AR-triangles in C. It follows that Γ is naturally a full subquiver of Γ and that we can
pick a basis (eα)α∈Γ1 of irreducible morphisms in C adapted to Γ (i.e. satisfying the mesh
relations) such that (C(T, eα))α∈Γ1 is a basis of irreducible morphisms in modEndC(T )
op
adapted to Γ. In what follows, we will use the following notation: if p =
∑
i λiα
i
ki
· · ·αi1
is a linear combination of paths in Γ, we write ep for the morphism
∑
i λieαiki
◦ · · · ◦eαi1
.
We note that the statement of the lemma is an immediate consequence of the two
claims below.
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Claim 1: Any morphism f in C is of the form f = ep + g, where p is a linear
combination of paths in Γ and g belongs to the ideal (ΣT ).
Proof of Claim 1: Since EndC(T )
op is generalised standard, C(T, f) is of the form
C(T, ep) where p is a linear combination of paths in Γ, viewed as a subquiver of Γ. We
thus have f = ep + g for some g ∈ (ΣT ).
Claim 2: Any morphism g ∈ (ΣT ) is of the form ep, for some linear combination p
of paths in Γ.
Proof of Claim 2: Let X
g
−→ Y belong to (ΣT ). Then there are some U ∈ addT ,
ΣU
a
−→ Y and X
b
−→ ΣU such that g = ab. Applying Claim 1 to Σb gives a linear
combination q of paths in Γ and a morphism h in (ΣT ) such that Σb = eq + h. Since
T is rigid and Σb has codomain in addΣ2T , then h is zero. A similar argument shows
that Σ−1a is of the form er. The claim follows. 
Corollary 4.3. Let C be a K-linear, Krull–Schmidt, 2-Calabi–Yau, triangulated cate-
gory. Assume that T ∈ C is a cluster tilting object whose endomorphism algebra is of
finite representation type. Then C is generalised standard.
4.3. The standard 2-endorigid algebras of finite representation type. We call
a finite dimensional K-algebra standard 2-endorigid if it is isomorphic to the endo-
morphism algebra of a maximal rigid object in a standard, (K-linear, Krull–Schmidt)
2-Calabi–Yau, triangulated category.
The standard 2-CY-tilted algebras of finite representation type were classified by
Bertani–Oppermann in [BO], where a quiver with potential is given for each isomor-
phism class. Ladkani noticed, see [L], that a 2-CY category with cluster tilting objects
was missing in the list given in [BIKR, Appendix]. For a comprehensive classification
of all standard 2-CY-tilted algebras of finite representation type one thus has to take
the algebra appearing in [L] into account.
Theorem 4.4. The connected, standard 2-endorigid algebras of finite representation
type are exactly the standard 2-CY-tilted algebras of finite representation type listed
in [BO] (see also [L]) and the non-Jacobian 2-endorigid algebra of Section 4.1.
Proof. The theorem follows from the classification [A, BIKR] of all standard 2-Calabi–
Yau triangulated categories with maximal rigid objects (see Table 1 and Table 2) and
from the equivalences of categories in Proposition 3.2. 
Remark 4.5. We note that the conclusion of Corollary 4.3 being weaker than one
would like, we do not know if the list discussed above contains all 2-endorigid algebras
of finite representation type.
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